Introduction
Understanding the behavior of open quantum systems, has become increasingly important in physics and chemistry as well as in technological developments. Often, the coupling between the system and the bath is considered as a small parameter compared to the characteristic energy scale of the system. This consideration leads to many natural physical results such as the canonical c Higher Education Press and Springer-Verlag Berlin Heidelberg 2016
property of equilibrium states and the negligible back action from the system to the bath. In this case, the second-order perturbation theory leads to a master equation of the Redfield or the Lindblad type [1] [2] [3] [4] , which is convenient for analytical investigation and not computationally expensive for numerical implementation. However, in many physical systems of current interest, the system-bath coupling (SBC) is comparable to the system internal couplings, hence the weak coupling approximation is not justified. The typical examples are the excitation energy transfer process in solid quantum dots [5, 6] and photosynthetic complexes [7] [8] [9] [10] . There are a number of non-perturbative techniques to obtain the numerically exact dynamics; examples include the hierarchy master equation [11, 12] , the quasi-adiabatic propagator path integral (QUAPI) [13] , the density matrix renormalization group [14] , the numerical renormalization group [15] , the multi-configuration time-dependent Hartree approach [16, 17] and the stochastic path integrals [18, 19] . However, these methods are computationally demanding and non-trivial to implement for large systems. In addition, much of the recent efforts focus on the short-time non-Markovian dynamics (i.e., dynamical coherence), which is relevant for laser-induced coherence but not for the long-time behavior. Therefore, we need a method which is formally simple and physically transparent, meanwhile goes beyond weak SBC regime without loosing accuracy. Polaron, a basic concept in condense matter physics, which describes the quantum (quasi-) particle interacting with the deformed lattices through electromagnetic interaction [20, 21] (as illustrated in Fig. 1 ), is exploited to achieve this goal. Initiated by Silbey and coworkers, a variational polaron transformation method was applied to study the bath renormalisation effects on the tunneling matrix elements in the spin-boson model (SBM) [22, 23] . Further, this approach is used to investigate the excitation migration in molecular crystals, covering both the coherent and incoherent transport preterites [24] . Recently, a polaron transformed second-order master equation has been derived to study the dynamics of open quantum systems at strong coupling [25] [26] [27] [28] . This approach extends the regime of validity of the master equation to stronger system-bath couplings, provided that the internal couplings (or tunneling matrix elements) are small compared to the typical bath frequency (i.e., the bath response is fast on the system time-scale). The main idea of the polaron transformation approach is to describe the system in the polaron frame such that the system is dressed by the environment. The dressed system (or polaron) takes the major effects of the system-bath interaction into consideration, hence the reduced SBC is weakened to the regime that the second-order perturbation theory is applicable.
In this review, we mainly focus on the polaron effects on the equilibrium and non-equilibrium steady states of multiple-level open quantum systems. The transient dynamics of an open quantum system reveals its dissipative and dephasing properties, as well as the short-time behavior in the presence of control or driving against the noise. However, many systems such as the natural photosynthetic complexes and the artificial quantum nanodevices, the open systems continuously operate at their equilibrium or non-equilibrium steady states. In these cases, we are only interested in the long-time states of the open quantum system whose properties are constant, two aspects of which will be addressed in this paper:
(i) To investigate properties of the equilibrium steady state beyond the weak SBC regime, the polaron transformation can be directly applied to the canonical density of matrix of the total system. Then a perturbative expansion with respect to the normalized SBC reveals the polaron effects on the reduced density of matrix (RDM) of the open system [29, 30] , which results in the noncanonical state of the reduced system [30] [31] [32] .
(ii) Another interesting issue arises when the quantum system is surrounded by the non-equilibrium environment. The characteristics of the non-equilibrium steady state are closely related with the transport quantities, such as the diffusion constant [28] , the energy transfer flux [33] and the transfer efficiency [34] . The polaron transformed Redfield equation (PTRE) is suitable for these non-equilibrium problems. The SBC effectively obtained from the polaron transformation is weak enough to introduce the perturbative approach, then the resulting Redfield equation is easily manipulated to yield both the dynamics and the steady states in a broad SBC regime.
In Section 2, we present the general expression for the variational polaron transformation using the SBM as example. The full polaron transformation which is accurate for the fast bath case is straightforwardly obtained by setting the variational parameter equals to the SBC REVIEW ARTICLE strength. In Section 3, we obtain the equilibrium steady state by the perturbative expansion in the variational polaron frame. The comparisons with other perturbative methods and the exact numerical calculation are also presented to clarify the valid parameter regimes. The PTRE is introduced in Section 4, by which both the dynamics and the non-equilibrium steady states can be studied beyond weak coupling regime. In Section 5, three specific topics on the excitation transport and energy transfer are studied via the PTRE: the coherent quantum transport in disordered systems, non-equilibrium energy transfer via a two-level quantum dot, and nonequilibrium properties of a three-level heat engine model. We summarize the polaron approach and its application in Section 6.
Polaron transformation of the spin-boson model
We introduce the polaron transformation via the SBM, which is the simplest dissipative model used to investigate the energy transfer in light harvesting systems [35, 36] , decoherence in atom-photon interaction systems [37] , tunneling phenomena in condensed media [38, 39] , charge transfer [40] , and quantum phase transitions [41, 42] . The SBM describes a two-level system (TLS) coupled with a multi-mode harmonic bath. The SBM Hamiltonian is written as (we set = 1 in the following)
where σ i (i = x, y, z) are the Pauli matrices, is the energy splitting between the two local energy levels, and Δ is the tunneling matrix element. The bath is modeled as a set of harmonic oscillators labeled by their frequencies ω k , and their coupling strength to the TLS are denoted by g k . Though the SBM model is formally simple, it displays the competition between coherent (tunneling dominates) and incoherent (bath dominates) effects. Despite its simplicity, the SBM has not been solved exactly so far. Comparing with the non-trivial analytical investigation base on path integrals [38, 39] and the numerically exact but computationally demanding methods (such as the hierarchy master equation [11] and the QUAPI [13] ), the polaron transformation method is clear in physical pictures, accurate in a broad range of SBC strength, and can be easily extended to multilevel systems.
For generality, the variational approach of polaron transformation is adopted here, which extends the valid-ity of the original full polaron method to the slow bath regime [22, 23, 43] . The variational polaron transformation is generated by
, which displaces the bath oscillators in the positive or negative direction depending on the state of the TLS. The variational parameter f k determines the magnitude of the displacement of each mode, when f k = 0 the displacement is zero. If we set f k = g k , the variational polaron transformation reduces to the full polaron transformation. The variational method allows us to determine an optimal value of f k between 0 and g k , making the transformation valid over a wide range of parameters. The effects of the polaron transformation act on the SBM can be illustrated by a double-well in the coordinate space (see Fig. 2 ). The polaron transformation displaces the effective potential for each local state, and further renormalizes the tunneling rate and the SBC strength. By choosing f k properly (see below), the high-order SBC are involved in these renormalized parameters, thus the second-order perturbative calculation with the effective SBC is able to give the accurate result.
Applying the transformation to the total Hamiltonian in Eq. (1), we havẽ
where the free Hamiltonian isH 0 =H S +H B . The transformed system Hamiltonian is given bỹ
and the bath Hamiltonian remains unaffected,
The last term in Eq. (4) is a constant hence can be removed. The tunneling rate is renormalized by the expectation value of the bath displacement operator, 
where
The interaction Hamiltonian is constructed such that its thermal average is zero, Tr B [H I exp(−βH B )] = 0. Following Silbey and Harris [22, 23] , we determine the optimal values for the set {f k } by minimizing the Gibbs-Bogoliubov-Feynman upper bound on the free energy [44] [45] [46] 
where H 0 denotes the average over the canonical state with respect toH 0 . Since H I H 0 = 0, the upper bound is solely determined by the free HamiltonianH 0 . The variational theorem states that A B A F where A F is the true free energy ofH tot . Therefore, we seek for the minimal of A B with respect to f k by solving dA B /df k = 0. The minimization condition leads to
where Λ = 2 + Δ 2 κ . In the continuum limit, the renormalization constant can be written as
where the bath spectral density J (ω) = π k g 2 k δ (ω − ω k ). Throughout the paper, we use a super-ohmic spectral density with an exponential cutoff,
where γ is the dimensionless SBC strength. The cut-off frequency is denoted by ω c , which governs the bath relaxation time τ B ∝ ω −1 c . Since F (ω) is also a function of κ, the set of {f k } must be solved self-consistently via Eqs. (11) and (12) . Nevertheless, without numerical calculation, the expressions of F (ω) and κ have already shown insightful physics in two limits: (i) When the bath is slow (Δ ω c ) or the SBC is weak (γ 1), we find F (ω) ≈ 0 and f k ≈ 0, the polaron picture is obviously not applicative in this limit since the bath modes cannot follow the fast coherent oscillation of the system, thus the bath oscillators are barely displaced. (ii) When the bath is fast (Δ ω c ) or the SBC is strong (γ 1), we find F (ω) ≈ 1 and f k ≈ g k , i.e., the full polaron transformation is recovered. Therefore, when dealing with the open system with fast bath, we can apply the full polaron transformation by setting f k = g k for simplicity without loosing much accuracy (see Section 3.1).
Equilibrium distribution of the SBM via the polaron approach
This section is dedicated to study the equilibrium state of the SBM in the polaron frame, which is motivated mainly for two reasons: (i) The calculation of the equilibrium state of the SBM provides a benchmark to assess the accuracy of only the second-order perturbation theory (2nd-PT) in the polaron frames, without involving additional approximations, such as factorized initial conditions and the Born-Markov approximation which are generally invoked in the quantum master equation. This investigation can clearly demonstrate how accurate does the polaron approach depend on the bath properties, namely, the bath relaxation time and the coupling strength. (ii) Equilibrium canonical distribution in statistical mechanics assumes weak SBC, while under real physical conditions this assumption is usually invalid, thus the equilibrium statistics is generally non-canonical. By exploiting the polaron transformation with perturbation theory, an analytical treatment is advocated to study non-canonical statistics of the SBM at arbitrary temperature and for arbitrary SBC strength.
Accuracy of the perturbation theory in the polaron frame
First, we briefly introduce the second-order correction to the equilibrium state of the system in the polaron frame. The exact equilibrium RDM can be formally defined as
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In this review, the operator with a tilde denotes it is defined in the polaron frame, for exampleρ = U † ρU , where ρ is the density matrix in the untransformed frame. Using the Kubo identity [47, 48] , the operator exp[−βH tot ] is expanded up to the second order inH I as
The above expansion is similar to the Dyson expansion, with β treated as imaginary time. Since H I H 0 = 0, the leading order correction toρ S is of the second order inH I . Inserting the above expression into Eq. (15) and keeping terms up to the second order, the system equilibrium state is approximated as
and C nm (τ ) = V n (τ ) V m H B is the imaginary-time bath correlation function. The operators in imaginary time are defined as O (β) ≡ e βH0 Oe −βH0 . The expressions for the non-vanishing bath correlation functions are shown in Appendix A. The full polaron result can be conveniently obtained by setting F (ω) = 1, then the only non-vanishing correlation functions are C xx and C yy . Furthermore, in this extremely strong coupling limit γ → ∞, it can be seen from Eq. (13) that κ → 0 and the system becomes incoherent since the coherent tunneling element vanishes. As a result, all of the correlation functions and the second-order corrections toρ S vanish; hence the equilibrium density matrix is only determined by the energy splitting of the two local energy levels, ρ S ∝ exp(− βσ z /2). In the opposite limit, F (ω) = 0 which corresponds to no transformation is performed and C zz is the only non-zero correlation function.
Since the populations of the TLS are not affected by the transformation, Tr S [σ z ρ S ] = Tr S [σ zρS ] ≡ σ z , we can directly compare the expectation value σ z from 2nd-PT in the original frame [F (ω) = 0], the full polaron frame [F (ω) = 1], and the variational polaron frame [F (ω) in Eq. (12)] with those obtained from the numerically exact imaginary-time path integral calculations. Results of the transformed zeroth-order density matrix,ρ (0) S , which depend only on the renormalized system HamiltonianH S , are also included.
In order to get a good perspective on the accuracy of 2nd-PT in different frames depends on the properties of the bath, we calculate the relative errors over the entire range of the bath parameters. The relative error is defined as
where the subscripts "Pert" and "PI" denote the perturbative calculation and path integral calculation, respectively. Figure 1 displays the respective errors of secondorder perturbation in the three different frames as a function of the cut-off frequency ω c and the coupling strength γ. As seen in Fig. 3(a) , the usual 2nd-PT without transformation breaks down at large γ. It is also less accurate when the cut-off frequency is small, which corresponds to a highly non-Markovian bath. On the other hand, the 2nd-PT in the full polaron frame fails at small γ and ω c [see Fig. 3 (b)]. These two approaches provide complementary behavior as a function of the coupling strength; the full polaron method is essentially exact for large γ, while the usual 2nd-PT is exact for small γ. The variational calculation is valid over a much broader range of parameters [see Fig. 3 (c)], and combines the regimes of validity of the full polaron result and the 2nd-PT in the original frame. It becomes only slightly less accurate in the slow bath regime around a narrow region of coupling strength. The exact numerical method we applied here as benchmark is based on imaginary-time path integrals [18] . For the SBM, following the well-known Feynman-Vernon influence functional [49] with the Hubbard-Stratonovich transformation [39] , it was shown that the influence functional is unraveled by an auxiliary stochastic field. The ensuing imaginary-time evolution of the density matrix may then be interpreted as one governed by a timedependent Hamiltonian with a stochastic field. A primary benefit of this approach is that it generates the entire RDM from one Monte Carlo simulation. Additionally, any form for the bath spectral density J (ω) can be used. The details of the numerical algorithm can be found in Ref. [18] .
In the following of this paper, we will only consider the bath with large cut-off frequency such that the full polaron transformation can be safely applied. Without making ambiguity, from now on when we use the word "polaron transformation", it actually implies the "full polaron transformation" for brevity.
Non-canonical equilibrium distribution
To investigate the non-canonical statistics of the TLS at arbitrary temperature and arbitrary SBC strength, both the population and coherence of the RDM should be compared with the canonical density matrix. In particular, we use the RDM in the system eigenbasis to quantify the non-canonical statistics as well as the quantumness of the open system. The agreement of the analytical treatment based on the polaron transformation with the exact stochastic path integral result is also verified.
Different from the diagonal elements ρ 11 S and ρ 22 S , which are given above by (1 ± σ z )/2, the off-diagonal element ρ 12 S in the polaron picture is more involved because the σ z operator does not commute with the polaron transformation operator U . Nevertheless, we find
indicating that ρ 12 S can still be obtained fromρ tot , but not fromρ S . Because of the correlation between the system and the bath, the first-order contribution ofH I to exp[−βH tot ] and hence toρ tot is already nonzero (upon thermal averaging). As such, it suffices to consider a firstorder perturbation theory in imaginary time for the total density matrix in the polaron frame. With details elaborated in Ref. [30] , we obtain ρ 12 S ≈ ρ 12 S,(0) + ρ 12 S, (1) , with
Here S n (τ )= σ n (τ )σ − H S and K n (τ )= V n (τ ) cos B H B are the correlation functions of the system and the bath, respectively, which are given in Appendix A. Instead of examining all the RDM elements, a single quantity is used to characterize non-canonical statistics: the smallest possible angle θ. It is the angle rotated (in radians) on the Bloch sphere to reach the eigenstates of H S from the diagonal representation of the RDM. As a function of the SBC strength γ for a fixed temperature, the theoretical results (solid line) are plotted in Fig. 4(a) .
For small values of γ, θ is small, so the RDM's diagonal representation is relatively close to that of H S . This is expected, because for weak SBC strength, the equilibrium statistics should be canonical. As γ increases, θ increases, indicating that the RDM diagonal representation continuously and monotonously rotates away from the eigenstates of H S . To further elucidate the continuous change in θ, an analogous angle, namely, the angle that the RDM diagonal representation should be rotated to reach the eigenstates of H I , is also plotted with dashed line in Fig. 4(a) . For large values of γ, we find κ → 0, the SBM reduces to a pure dephasing model. Therefore, the RDM diagonal representation is seen to approach that of H I (or σ z ), and the system equilibrium state approaches exp(− βσ z /2). For a varying SBC strength, either weak or strong, the 2nd-PT polaron approach and the numerically exact results agree, which confirms that our analytical treatment for the RDM off-diagonal elements performs equally well in the regime valid 
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Dazhi Xu and Jianshu Cao, Front. Phys. 11 (4) , 110308 (2016) for treating the RDM diagonal elements. The equilibrium RDM considered here reminds us the preferred basis discussed in decoherence dynamics [50] : An equilibrium RDM is an asymptotic result of quantum dissipation. Due to this interesting connection, the particular diagonal representations of RDM as a result of the non-canonical statistics can also be understood as a remarkable outcome of nature's superselection in open quantum systems [51] [52] [53] [54] .
The temperature dependence of non-canonical statistics at a fixed intermediate SBC strength γ is depicted in Fig. 4(b) . For temperature lower than k B T = 1, the RDM diagonal representation is further rotated from that of H S (solid line) but becomes closer to that of H I (dashed line). Therefore, the non-canonical statistics becomes more pronounced when temperature decreases. When temperature increases, the deviation angle continuously changes in opposite directions, showing that the RDM diagonal representation gradually moves away from the eigen-representation of H I but smoothly approaches that of H S . Numerically exact Monte Carlo simulation results (solid dots) are also presented in Fig.  4(b) , further supporting our theory.
Polaron transformed Redfield equation
Besides solving the equilibrium states, the polaron transformation is also a powerful tool to study the dynamics of open quantum systems at strong coupling via the secondorder master equation. Applying the polaron method to study the dynamics of open quantum systems was first proposed by Grover and Silbey [24] , and it has gained a renewed attention due to the recent interest in coherent energy transfer in light harvesting systems [25] [26] [27] and has been extended to study non-equilibrium quantum system [33, 34] , which we will introduce in Sec.V. For non-equilibrium steady state, the non-Markovian effect is less significant so we will adopt the secular and Markov approximation.
After the transformation, the system is dressed by polaron, then the master equation is obtained by applying perturbation theory to the transformed system-bath interaction. This approach extends the regime of validity of the quantum master equation to stronger SBC, provided that the tunneling matrix elements are small compared to the bath cut-off frequency (Δ < ω c ).
In this subsection, we use the SBM as example to introduce the PTRE approach. For a multi-level system, the PTRE can be generalized straightforwardly following the same procedure [28] . The Hamiltonian of the SBM after the full polaron transformation is given in Eq.
(3) with f k = g k . The strength of the SBC is effectively weakened by the polaron transformation. Specifically,H I is of the order of bath fluctuation and its thermal average is zero, henceH I is a reliable perturbative parameter. Based on this consideration, the Born-Markov approximation is applied to derive the PTRE for SBM in the Schrodinger picture:
which can be further written as
Here we use a new set of Pauli operators τ α with respect to the eigenbasis of the HamiltonianH S = Λτ z :
The eigenbasis are defined with the local basis |1 and |2 as
where tan θ = Δ κ / . The dissipation rates Γ ± αβ are related to the half-side Fourier transformation of the bath correlation functions
with
Therefore, the steady state of the system can be easily obtained from Eq. (24) by solving dρ S /dt = 0.
Steady states and equilibrium distribution
The expectations of the operators τ α in the steady state, which contain all the information of the TLS in SBM are displayed in Fig. 5 . The dependence of the population difference τ z on the coupling strength γ is plotted with the blue solid line. It is found that the steady Fig. 5 The steady state of TLS as a function of the SBC strength γ. The steady states of the PTRE follow the canonical distribution in the polaron transformed basis, which rotates with the coupling strength γ. In the weak coupling limit, the system steady state is the canonical distribution in the eigen basis (black dash line); while in the strong coupling limit, the steady state is the canonical distribution in the localized basis (red dot-dash line). The inset shows the coherent term of the steady state, which is small in the polaron transformed basis. We choose the parameters in units of Δ: = 0.5, ωc = 5 and β = 1. Reproduced from Ref. [34] .
state RDM obtained from the PTRE coincides with the zeroth-order perturbation result of the equilibrium state in Eq. (17) . The steady state distribution of the TLS follows the Boltzmann distribution with respect to the eigenbasis in the polaron frame
It is reduced to the canonical distribution with respect to the eigenbasis of H S as lim γ→0 τ z = − tanh[β √ 2 + Δ 2 /2], and is reduced to lim γ→∞ τ z = − tanh[β /2] in the strong coupling limit, which is the Boltzmann distribution in the local basis |1 and |2 .
Validity of the PTRE
For an unbiased two-level system, we compare the result obtained from the above PTRE Eq. (24) with that from the time-convolutionless second-order polaron master equation without the secular and Markov approximations [55] . The results are plotted in Fig. 6 , they show remarkably good agreements for different temperature and coupling strength. Moreover, as shown below, the PTRE recovers the Redfield equation in the weak coupling limit and the Fermi's golden rule (or Förster theory) in the strong coupling limit.
Weak and strong coupling limits
In the weak coupling limit, we have κ ≈ 1, thus the eigenbasis |± of the polaron transformed Hamiltoniañ H S become the eigenbasis of H S = 2 σ z + Δ 2 σ x . In this case the master equation in Eq. (24) with secular approximation is reduced to the Redfield equation
where Γ = 1 2 J (Λ 0 ) sin 2 θ, Λ 0 = √ 2 + Δ 2 and N (ω) = 1/ [exp (βω) − 1]. In the strong coupling limit, the coherence is quickly destroyed by dissipation, thus we only need to consider the equations of the population. Additionally, κ ≈ 0 for large γ, i.e., the eigenbasis ofH S coincide with the local basis |1 and |2 . As a result, Eq. (24) becomes a kinetic equation governing the population dynamics, which can be written as
and
The above transition rates Γ 11 and Γ 12 are the same as predicted from the Fermi's golden rule. In summary, the PTRE smoothly connects the weak and strong limits, and provides a useful tool to study the intermediate coupling region where there is usually no reliable approximation method.
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Applications of PTRE to exciton diffusion, heat transport and energy transfer
The PTRE cannot only be used in calculating the steady state and the dynamics of equilibrium systems, but also apply to non-equilibrium problems such as exciton diffusion in disordered system, heat transport through quantum dot and energy transfer in heat engine model. The steady states of these non-equilibrium processes are usually of special interests as they are closely related to the measurable quantities in experiments. The PTRE is a proper tool to study these problems in order to bridge the gap between the standard Redfield equation in weak coupling regime and the Fermi's golden rule or the noninteracting-blip approximation (NIBA) in strong coupling regime.
Coherent exciton transport in disordered systems
Quantum transport in disordered systems governs a host of fundamental physical processes including the efficiency of light harvesting systems, organic photovoltaics, conducting polymers, and J-aggregate thin films [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] .
The PTRE approach to quantum transport allows us to bridge coherent band-like transport governed by the Redfield equation to incoherent classical hopping transport described by the Fermi's golden rule. The results reveal that a non-monotonic dependence of the diffusion coefficient can be observed as a function of temperature and system-phonon coupling strength.
The system is extended from single TLS to a tight binding model, described by the Anderson Hamiltonian (see Fig. 7 )
where |n denotes the site basis and J mn is the electronic coupling between site m and site n. Here, we consider one dimensional system with nearest-neighbor coupling such that J mn = J(δ m,n+1 + δ m+1,n ). The static disorder is introduced by taking the site energies n to be independent, identically distributed Gaussian random variables characterized by their variance σ 2 n = n n . The overline is used throughout to denote the average over static disorder. We assume that each site is independently coupled to its own phonon bath in the local basis. Thus,
where ω nk and b † nk (b nk ) are the frequency and the creation (annihilation) operator of the kth mode of the bath attached to site n with coupling strength g nk , respectively.
Applying the full polaron transformation and following the same procedure in Section 4, a second-order PTRE in terms of the transformed SBC with Markov and secular approximations is given by
The Greek indices denote the eigenstates of the polaron transformed system Hamiltonian, i.e.,H S |μ =Ẽ μ |μ and ω μν =Ẽ μ −Ẽ ν . The Redfield tensor R μν,μ ν describes the phonon-induced relaxation, the detailed expressions are given in Appendix B. For the transport properties studied here, only the population dynamics is needed which is invariant under the polaron transformation sinceρ nn (t) = ρ nn (t). In the presence of both disorder and dissipation, we find empirically that after an initial transient time approximately proportional to J 3 β/γ, the mean square displacement R 2 (t) = n n 2 ρ nn (t) grows linearly with time, where the origin is defined such that R 2 (0) = 0. Within the timescale of the simulations, the number of sites is sufficient such that no significant boundary effect is observed. Then the diffusion constant D can be defined as lim t→∞ R 2 (t) = 2Dt.
The effect of the dissipation strength on the diffusion constant is revealed as a non-monotonic dependence on D as a function of γ in Fig. 8 , which is consistent with the studies using the Haken-Strobl model [66, 67] . The dissipation destroys the phase coherence that gives rise to Anderson localization in one-dimensional disordered system, allowing for transport to occur. Therefore, in the weak coupling regime, the transport coefficient D increases linearly with γ, which is apparent from the Redfield tensor R μν,μ ν . In the opposite regime of strong coupling, the dissipation strength effectively acts as classical friction that impedes the transport leading D to behave as a decreasing function of γ. Thus the coherence generated between sites is quickly destroyed and the quantum transport reduces to a classical hopping dynamics between neighboring sites. The interplay between static disorder and dissipation thus gives rise to an optimal dissipation strength for transport. In Fig. 8(a) , it is seen that the maximal diffusive rate both increases and shifts to smaller coupling strengths as the temperature increases, since thermal fluctuations also assist the quantum system to overcome the localization barriers in the weak coupling regime. For comparison, we also include the results from the standard secular Redfield equation in the weak coupling regime. For small γ and T , the secular Redfield equation provides a reliable description of the transport properties but starts to breakdown as γ (or T ) increases leading to an unphysical D ∝ γ. Figure 8 (b) depicts D as a function of γ for different bath cut-off frequencies. It is found that the large γ scaling of D is highly dependent on the relaxation time of the bath. For a fast bath, the rates decrease approximately as 1/γ. However, as the bath frequency decreases, a transition from the 1/γ dependence to 1/ √ γ dependence is observed. This can be rationalized by noting that in the high temperature and strong damping regime, the dynamics is incoherent and can be described by classical hopping between nearest neighbors. Then, the hopping rate between sites m and n is accurately determined from Fermi's golden rule,
where Δ mn = m − n is the activation barrier. In the slow bath limit, the above expression reduces to the Marcus rate
which captures the correct 1/ √ γT dependence of the rate. Defining the energy transfer time as the inverse of the rate, τ F (Δ) = 1/k F (Δ), static disorder can be introduced by averaging τ F (Δ) over the Gaussian distribution of static disorder:
The disorder-averaged golden rule rate can then be obtained using k F = 1/τ F and is plotted in Fig. 8(b) . While it is seen to capture the correct scaling of D in the overdamped regime, it significantly underestimates the transport in the small and intermediate damping regimes. As the dynamics becomes more coherent, the classical hopping rate between sites provides a qualitatively incorrect description of the transport.
Non-equilibrium heat transfer through quantum dot
In presence of multiple baths with different temperatures, non-equilibrium transport phenomena can also be studied using the PTRE. For typical energy transport far from equilibrium, two baths should be included with a temperature bias, as shown in Fig. 9 . The TLS with Hamiltonian H S in Eq. (1) couples to the two baths by
where b † k,v (b k,v ) creates (annihilates) one boson of mode k in the vth bath. The Hamiltonian of the left (L) and right (R) baths is given by
This non-equilibrium spin-boson model (NESB) has been used to describe the electromagnetic transport through superconducting circuits [68] , photonic waveguides with Fig. 9 Schematic illustration of the non-equilibrium spin-boson model composed by central two-level nano-device connecting to two separate bosonic baths with temperature T L and T R respectively. Reproduced from Ref. [33] .
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Dazhi Xu and Jianshu Cao, Front. Phys. 11 (4) , 110308 (2016) a local impurity [69] , phononic energy transfer [70] [71] [72] [73] [74] and Caldeira-Leggett model [75] in phononics [76] , Kondo physics and non-equilibrium phase transitions [77, 78] in the field of condense matter physics, and even exciton transfer embedded in the photosynthetic complexes [10, 60, [79] [80] [81] . Moreover, as a minimal prototype, it provides crucial insights into the optimal design and potential applications of low-dimensional nano-devices.
The PTRE approach provides a unified interpretation of several observations, including coherence-enhanced heat flux and negative differential thermal conductance (NDTC). Despite many approaches have been proposed to explore energy transfer in NESB, each approach has limitations. Typically, the Redfield equation only applies in the weak spin-boson coupling regime [72, 74] , whereas the non-equilibrium version of the noninteracting-blip approximation (NIBA) equation applies in the strong spin-boson coupling regime.
Combining the polaron transformation and the counting field [74, 82] , we obtain the energy flux as
where C e(o) (ω, ω ) describes that when the TLS releases energy ω by relaxing from the excited state to the ground one, the right bath absorbs energy ω and the left one obtains the left ω −ω if ω > ω or supply the compensation if ω < ω . And C e(o) (−ω, ω ) describes similar dynamical processes for the TLS jumping from the ground state to the exciting one. While φ e(0) (ω) is the summation behavior of these corresponding microscopic processes. The details of the functions φ o(e) and C o(e) can be found in Appendix C. Different from the single bath SBM case, here the renormalization κ is actually a product of the ones from each bath: κ = κ L κ R . In the weak coupling limit, the renormalization factor is simplified to κ ≈ 1, then the unified energy flux reduces to the resonant energy transfer expression
with the average phonon number n v = n v (Δ) of the vth bath, which is consistent with previous results of the Redfield approach [72, 74] . In the strong coupling limit, multiple bosons are excited from baths, and both the renormalization factor κ and the eigen-energy gap of the TLS Δ κ become zero. Hence, the energy flux can be finally expressed as with the probability density of the vth bath C v (ω) correctly recovering the non-equilibrium NIBA result.
The energy flux of Eq. (48) is plotted in Fig. 10 , which first shows linear increase with the SBC in the weak regime, consistent with the Redfield. After reaching a maximum, the energy flux decreases monotonically in the strong coupling regime, and coincides with the NIBA result. The discrepancy of the NIBA and our PTRE is due to the improper ignorance of quantum coherence σ x of the TLS in NIBA. This coherence term describes the effective tunneling within TLS so that it enhances the energy transfer compared to the NIBA that ignores it. Therefore, we conclude that the unified energy flux expression of Eq. (48) provides a comprehensive interpretation for energy transfer in NESB, because the fluctuation-decoupling scheme not only describes the coherent SBC from the weak to strong coupling regime, but also correctly captures the coherence within the TLS.
For the NDTC, the non-equilibrium NIBA scheme predicts its appearance in the strong coupling for NESB, whereas the Redfield scheme predicts its absence in the weak coupling. The NDTC can also be investigated by the PTRE to identify its absence over the wide range of temperature bias, even in the intermediate and strong coupling regimes, which correct the previous observation of NDTC under the NIBA in the classical limit. By tuning one bath temperature, NDTC is absent across a wide range of the temperature bias in the NESB model even in the strong SBC limit. It should also be noted, if we change two temperatures simultaneously, NDTC can still occur in NESB. The detail discussion about the NDTC via PTRE can be found in reference [33] .
Energy transfer via three-level heat engine model
Taking a three-level system as a generic theoretical model, many interesting mechanisms can be well demonstrated and understood. Recently, the sunlight-induced exciton coherence is studied in a V-configuration threelevel model [83, 84] . An interesting idea is to consider the energy transfer process from the perspective of heat engine [85] . For example, the coherence introduced by an auxiliary energy level can enhance the heat engine power [86, 87] . The early work considering a three-level maser model as a Carnot engine was carried out by Scovil and Schulz-DuBois [88, 89] , yielding the heat engine efficiency η 0 and its relation with the Carnot efficiency. Later papers elaborately reexamined the dynamics of this model by the Lindblad master equation and showed that the thermodynamic efficiency η 0 is achieved when the output light-field is strongly coupled with the system [90] [91] [92] .
We consider the energy transfer process in the threelevel system illustrated in Fig. 11 . The site energy of the ground state |0 is set to zero. The two excited energy levels |1 and |2 form a TLS, the Hamiltonian of which is the same as H S in Eq. (1). The energy transfer takes place in the single excitation subspace: The three-level system is firstly excited to state |1 by a photon field, then the excitation is transferred to state |2 through Δ (mediated by phonon modes), and finally the excitation decays to the ground state |0 via spontaneous radiation. The pumping and trapping processes are modeled by the interaction with the two independent photon baths, which are coupled separately with two transitions |0 ↔ |1 and |0 ↔ |2 . The Hamiltonian of the photon baths and their interactions with the three-level system are given by Fig. 11 The system is modeled by a three-level system: its ground state |0 and the excited state |1 (|2 ) is coupled with the pumping (trapping) bath; the excited states |1 and |2 are diagonal-coupled with the phonon bath; the internal transition strength between |1 and |2 is characterized by Δ. The energy fluxes Jp, Jv and Jt describe the energy exchange rate of the system with the pumping, the phonon and the trapping baths, respectively. The flux into the system is defined as the positive direction. Reproduced from Ref. [34] .
H p = k ω pk a † pk a pk + (g pk a † pk |0 1| + h.c.),
where ω ik (i = p, t) is the eigen frequency of the bath mode described by the creation (annihilation) operator a † ik (a ik ), and its coupling strength to the excited state is g ik . We note that the rotating wave approximation is applied in the system-bath interaction term. A phonon bath with creation and annihilation operators b † k and b k of the bath mode ω vk is coupled to the TLS via diagonal interaction with the coupling strength of f k . Thus, the phonon part is described by
The steady state of the three-level system can be easily obtained from PTRE and the steady state energy fluxes defined are straightforwardly given as
where the steady state elements of RDM is denoted by ρ ij = i|ρ S (∞)|j for brevity, γ i and n i are the corresponding decay rate and average photon number for the ith bath. In Fig. 12 we present the dependence of energy fluxes on the coupling strength γ. In the extreme case that the system bath coupling is switched off (γ = 0), there is no loss of excitation energy, which results in |J p | = |J t |, suggesting the input energy flux from the pump completely flows into the trap through the threelevel system. When the coupling turns on, a portion of energy flux leaks into the phonon bath thus |J p | > |J t |.
Both the pumping and trapping energy fluxes reach their optimal values in the intermediate coupling region and decrease to zero when the coupling strength is strong. The energy transfer efficiency is defined as η ≡ |J t /J p |. When the coupling strength γ = 0, the energy transfer efficiency η = 1 because there is no loss of energy flux. When the coupling strength gradually increases, the efficiency decreases. However, after reaching its minimum value, the efficiency starts to rise with γ, which is shown in Fig. 12(a) . The increase of efficiency assisted by noise was studied extensively in the context of energy transfer in light-harvesting systems [93, 94] . As we further increase γ, the efficiency grows beyond the
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Dazhi Xu and Jianshu Cao, Front. Phys. 11 (4) , 110308 (2016) Fig. 12 (a strong coupling limit η 0 and then gradually approaches this limit from above. The strong coupling region is plotted in the inset of Fig. 12(a) . It is interesting to notice that the first term on the right side of Eqs. (54) and (55) depends only on the populations of the three-level system, and the second term represents the contribution of the off-diagonal terms (coherence in the local basis). In the strong coupling limit, the steady state coherence in the local bases ρ 12 vanishes, then the efficiency is completely determined by the populations:
This result indicates that when the coherence is negligible due to the strong system-phonon coupling, the energy transfer efficiency η approaches η 0 , which is consistent with the key result of Ref. [91] . We notice that Eq. (56) shows that the net rate of pumping one excitation to |1 equals to the net rate of trapping one excitation from |2 to |0 . When the coupling strength decreases, the efficiency is generally related to the phonon bath induced coherence of the excited states [95] . If we require the sys-tem outputs positive energy, i.e., γ t (n t +1)ρ 22 > γ t n t ρ 00 , then [ρ 12 ] > 0 leads to the result η > η 0 and vise versa.
In the local basis, the population and coherence are coupled with each other due to the polaron effects: The population inversion happens when [ρ 12 ] < 0 [ Fig.  12(b) ], hence η < η 0 . We plot the population difference between states |1 and |2 in Fig. 12(b) . In the intermediate coupling region indicated between the two red dots, the steady state population satisfies ρ 11 < ρ 22 (the effective temperature associates with these two states is positive), the corresponding efficiency η is less then η 0 as shown in Fig. 12(a) . On the contrary, outside this intermediate region, i.e., when the coupling is either very weak or very strong, the populations are inverted ρ 11 > ρ 22 (the effective temperature is negative); meanwhile η increases beyond η 0 .
As we discussed in Section 3, the non-negligible SBC strength can induce the non-canonical equilibrium states, which will further affects the heat engine performance. In this section we show the PTRE is also powerful tool to evaluate the performance of a three-level heat engine model beyond the weak coupling limit. In particular, the non-negligible system-bath entanglement not only modifies the steady state, resulting in population inversion, but also introduces a finite steady state coherence that optimizes the energy transfer flux and efficiency. Remarkably, there exists a quantitative relationship between the efficiency and the steady-state coherence, which in turn is proportional to the degree of population inversion. Taking into account of the behavior of both the flux and efficiency, we are able to optimize coupling and temperature in designing optimal artificial energy transfer systems.
Summary
In this review article, we systematically introduce the polaron transformation approach to describe noncanonical equilibrium distribution and non-equilibrium steady states in the open quantum system. By applying the polaron transformation, the open system of interest is dressed by the surrounded environment which is described by a set of displaced harmonic modes. The residue coupling between the polaron transformed system and the bath is thus suppressed to the weak coupling regime, even though the SBC in the original frame of reference is strong. Such advantages give rise to the possibility of introducing the usual methods used in the weak coupling open system in the polaron frame.
We studied the non-canonical equilibrium state of the SBM. The second-order perturbation theory in the po-laron frame is used to obtain the equilibrium density matrix. The second-order results in the original frame are accurate only for weak SBC, whereas the full polaron results are accurate in the entire range of SBC for fast bath but only in the strong coupling regime for slow bath. The variational method is capable of interpolating between these two methods and is valid over a much broader range of parameters. Further, the non-canonical properties of the equilibrium states is revealed and the eigenbasis in the polaron frame are considered as the preferred basis for decoherence.
We then applied the polaron transformed Redfield equation to solve the steady states of non-equilibrium open systems. (i) In a one-dimensional disordered chain, the diffusion coefficient is shown to be linearly proportional to the exciton-phonon coupling strength in the weak coupling limit, while in the strong coupling limit, the diffusion coefficient depends on the phonon bath relaxation time which is the character of the hopping transport behavior. (ii) The heat transfer through a two-level quantum dot which connects with two separate baths was also investigated. The non-monotonic energy flux and differential thermal conductance were calculated following a similar polaron approach. (iii) When the three-level system is connected with three different heat baths, a heat engine model is thus constructed to study the steady state energy transfer flux and energy conversion efficiency. The steady state coherence and population inversion affect the efficiency obviously. In both the weak and strong coupling limits, the PTRE is coincidence with the Redfield equation and the Fermi's golden rule, which further verifies the validity of the polaron approach. The corresponding kernel functions are given by (C5)
